), which quantifies the effective total distance between species of an assemblage. Since the three measures are closely related, all the properties are shared.
Without loss of generality, we assume that all distances d ij are integers for intuitively understanding our derivation. This is because the measure ) (Q D q is independent of the scale of d ij and the other two measures are proportional to ) (Q D q and thus properties discussed in this Appendix are not affected. As discussed by Chao et al. [1] , we could conceptually think of all species pairwise distances as forming a single assemblage of pairwise distances. In this assemblage of "distances", there are d ij units of "distance" for i, j = 1, 2, …, S. Each of the d ij units has relative abundance Q p p j i / . From the definition of Rao's quadratic entropy, the sum of all these relative abundances is unity, i.e., Then we can apply the concept of Hill numbers to this assemblage of "distances". Our proposed (total) functional diversity of order q, q FD(Q), is the Hill number of order q for this assemblage of "distances": 
When these N equally large assemblages are combined, the relative abundance of the ith species in the pooled assemblage is Thus, the functional Hill number of the same order q in the pooled assemblage is N times that of each individual assemblage. Notice that in our proof of this replication principle, the mean distances Q km , k, m = 1, 2, …, N, are not required to be a constant. Also, the species abundance distributions are allowed to be different across assemblages, and the result is valid for any symmetric matrices. This is a strong version of the replication principle.
If we further assume that all the mean distances Q km , k, m = 1, 2, …, N, are the same, then the mean functional diversity of the pooled assemblage will be N times that of each assemblage. However, the total functional diversity (as a product of functional Hill number and the mean functional diversity) satisfies a "quadratic replication principle", i.e., the total functional diversity of the pooled assemblage will be N 2 times that of each assemblage. We only state the propositions below and the proof follows directly from Proposition S1.3.
Proposition S1.4: (Replication principle for the mean functional diversity
q MD(Q)) Suppose we have N equally large and completely distinct assemblages (no shares species). Assume that for all pairs of assemblages (k, m) the mean functional diversity q MD(Q km ) for k, m = 1, 2, …, N are identical, and the mean distances Q km for k, m = 1, 2, …, N are also identical. When these N equally large assemblages are pooled, the mean functional diversity of the pooled assemblage is N times that of an individual assemblage. Proposition S1.5: (Quadratic replication principle for the total functional diversity q FD(Q)) Suppose we have N equally large and completely distinct assemblages (no shares species). Assume that for all pairs of assemblages (k, m) the total functional diversity q FD(Q km ) for k, m = 1, 2, …, N are identical, and the mean distances Q km for k, m = 1, 2, …, N are also identical. When these assemblages are pooled, the total functional diversity of the pooled assemblage is N 2 times that of an individual assemblage. 4a) and total functional diversity q FD(Q) (Eq. 4b) of the pooled assemblage can each be decomposed into independent alpha and beta components using a derivation similar to that developed by Chiu et al. [1] for ordinary Hill numbers. The decomposition procedures of all three measures are generally parallel and interpretations are similar. A summary of the decomposition of all three measures along with their interpretations are given in Table 2 of the main text.
Since the decomposition procedures for the mean functional diversity and total functional diversity are better understood via partitioning the functional Hill numbers, we first present the details of decomposing the functional Hill numbers ) (Q D q and then apply the results to the total functional diversity q FD(Q). In this Appendix, we mainly focus on the decomposition of the functional Hill numbers and the total functional diversity.
The functional gamma Hill number is defined as the effective number of equally abundant and equally distinct species in the pooled assemblage, where species abundances are pooled over assemblages. As discussed in the main text, the species relative abundance set in the pooled assemblage can be expressed as { + + + z z i / ; i = 1, 2,…, S}. Thus, it follows from Eq. 3 of the main text that the functional gamma Hill number of order q is: Following Chiu, we define functional alpha Hill number as the effective number of equally abundant and equally distinct species per assemblage. Then the following derivation leads to a formula. Assume that each of the N assemblages is equivalent to an idealized reference assemblage which contains A species and all species are equally common with a constant abundance a . That is, in the kth idealized assemblage, the abundance set can be expressed as an A x1 column vector
Whether there are shared species among these N idealized assemblages is not relevant because functional alpha Hill number is independent of shared information (i.e., the value is independent of the between-assemblage information). Without loss of generality, we assume the N idealized assemblages form an abundance matrix B = (b 1 , b 2 ,…, b N ). A good feature of the idealized N-assemblage matrix B is that each assemblage has A equally abundant species and assemblage sizes are all equal.
Let Q be the quadratic entropy of the pooled assemblage of the actual assemblages, i.e.,
. In the idealized assemblage, we have a constant distance Q for all species pairs; see Table 1 of the main text for illustration. The idealized distance matrix is denoted by ) (Q ∆ .
The two matrices Z and B are "equivalent" in the sense that any q-th power sum (q ≥ 0) of the elements of the matrix Z = (z 1 , z 2 ,…, z N ) should give identical values when the same function is applied to the idealized reference matrix B = (b 1 
for all j. We consider the following two special functions:
(1) The sum of all elements in Z is thus equal to the corresponding sum in B. This sum for Z = (z 1 , z 2 ,…, z N ) is + + z , whereas the sum for B = (b 1 , b 2 ,…, b N ) is a AN (since each column has A species and there are N columns with all elements being equal to a ). Thus we obtain ) /( AN z a + + = .
(2) Choose all possible combinations of any two columns of the matrix Z and form the weighted (by distance) q-th power sum:
Then the same function is applied to the simple reference assemblage to obtain
.
Equating these two functions shows that A (the proposed functional alpha Hill number) has the following form:
This new alpha Hill number is interpreted as the "effective number of equally abundant and equally distinct species per assemblage". Note here in the above alpha formula, Q refers to the quadratic entropy of the pooled assemblage. Then based on a multiplicative partitioning, we define the functional beta Hill number of order q as the ratio:
This functional beta Hill number is interpreted as the effective number of equally large and completely distinct assemblages.
The above theory can be directly applied to decompose the (total) functional diversity q FD(Q). The functional gamma diversity is the effective total distance between species in the pooled assemblage with a constant distance Q for all species pairs, where Q denotes the quadratic entropy of the pooled assemblage. It follows from the derivation of the functional gamma Hill numbers that we have
, and formulas are given in Eqs. 6a and 6b in the main text. The functional alpha diversity is defined as the effective total distance between species of a pair of assemblages. Our above derivation implies that
Substituting the functional alpha Hill number, we then obtain the formulas of the functional alpha diversity as shown in Eqs. 7a and 7b in the main text. The functional beta diversity based on a multiplicative rule is:
Similar gamma and alpha components for the mean functional diversity can be also derived respectively as
; the corresponding beta component is Table 2 of the main text for a summary.
In the following proposition, we prove for all q ≥ 0 that the functional beta Hill number of order q is always between 1 and N regardless of the functional alpha Hill numbers. Also, the functional beta diversity of order q is always between 1 and N 2 regardless of the functional alpha diversity. Then the alpha and beta components obtained from decomposing each measure are unrelated (or independent).
For any arbitrary symmetric matrices and all orders of q ≥ 0, when the number of assemblages, N, is fixed, the functional beta Hill number of order q is always in the range [ (a) For all q ≥ 0, the functional alpha and gamma Hill numbers satisfy the following inequality:
or equivalently,
(B4) Similar inequalities are also valid for the mean functional alpha and gamma diversities.
(b) For all q ≥ 0, the functional alpha and gamma diversities satisfy the following inequality:
Proof: It is sufficient to prove (B3) and (B4) because (B5) and (B6) follow directly from (B3) and (B4). From Eqs. (B1) and (B2), the functional gamma and alpha Hill number for q ≠ 1 is respectively 
. For q > 1, this conclusion follows directly from the following inequality:
Similarly, for 0 ≤ q ≤ 1, the same conclusion follows from the following inequality: , the proof is readily seen for q = 1.
is a convex function, so the Jensen inequality implies that for any species pair (i, j), we have which is equivalent to
is a concave function, so the Jensen inequality implies that for species pair (i, j), we have The above inequality is equivalent to
is a concave function. The Jensen inequality leads to 
Then the inequality ) ( ) (
is obtained.
Proposition S2.2 (A property of monotonicity used for Example 2 of the main text):
Consider N assemblages indexed by 1, 2, …, N. Assume that species a is a non-shared species in an assemblage (say, Assemblage 1), i.e., species a does not exist in any other assemblages. Assume that species b is a non-shared species in a different assemblage (say, Assemblage 2). Let the functional distance between species a and species b be denoted by d ab . Then the functional beta Hill number of order q is always a non-decreasing function with respect to d ab . This implies that any differentiation measure based on the functional beta Hill number is also a non-decreasing function with respect to d ab .
Proof: From the formulas of the functional alpha and gamma diversities, the functional beta diversity of order q is expressed as (see the main text for notation)
We can simplify the above formula as
We first prove the proposition for q > 1. For the non-shared species pair (a, b) with distance d ab between these two species, we have
The derivative of Eq. (B7) with respective to d ab is
Since for q > 1 and for any distance between species i and j, we have
Thus, the derivative in Eq. (B8) must be non-positive. Therefore, In most applications, we suggest using the distance-overlap (or similarity) measures and their corresponding differentiation measures. In the main text, we have briefly introduced the two major classes of normalized distance-overlap measures; see Table 3 of the main text. Here we provide more details along with interpretations for all four classes of distance-overlap measures. Table  3 of the main text)
(A) Similarity/differentiation measures based on the functional beta diversity (summarized in
(1) A class of local (functional) distance-overlap measures from the perspective of a pair of local assemblages
This measure gives the effective average proportion of the species pairwise distances in a pair of local assemblages that are shared with all other pairs of assemblages.
We first give the special case of q = 0 to intuitively explain its properties: since thus quantifies the proportion of repeated distances in a pair of local assemblages. Its interpretation is conceptually analogous to the classic Sørensen similarity index and can be regarded as an extension of the classic Sørensen index to functional similarity. It is referred to as "func-Sørensen" in Table 3 of the main text. For the special case of N = 2, let the index set Ω 1 denote the species in Assemblage I, Ω 2 denote the species in Assemblage II, and Ω 12 denote the shared species (species in both assemblages). Then 
In this expression, the denominator is the alpha functional diversity of order 0, which is the average of FADs over all four assemblage pairs (I, I), (I, II), (II, I) and (II, II); the numerator is the average of all repeated distances in the N 2 -1= 3 pairs of assemblages (excluding the assemblage-pair in which a distance is first counted).
(1b) q =1
Letting q in Eq. (C1) tend to 1, we have
We refer to it as the N-assemblage "func-Horn" distance-overlap measure because when all distances are identical and (z ik ) represents species relative abundance within each assemblage, it reduces to the classical Horn measure. [1] .
The general formula for ) ( Table 3 of the main text is:
Here we give the formula for N = 2 to interpret the measure. Let (   ,   22  22  21  21  12  12  11  11   ,   22  21  22  12  21  12  22  11  21  11  12  11 22
It is called "func-Morisita-Horn" similarity measure because the concept is generally similar to the classic Morisita-Horn measure [2] . [2] for the classic Morisita-Horn measure to its functional version. The difference is that here we consider "assemblage-pairs" rather than "individual assemblage" as in the classical measure.
(1d) A general order of q ≥ 0
Here the sense of "effective" is similar to that for the abundance-based local overlap measure C qN [1, 2] , but "N assemblages" should be replaced with "N 2 pairs of assemblages", and "species" should be replaced by the unit of "distance". The meaning of "effective" average proportion for a value of p Q C qN = ) ( * is described as follows. We can construct a set of N (2) A class of regional (functional) distance-overlap measures in the pooled assemblage
This measure quantifies the effective proportion of the species pairwise distances in the pooled assemblage that are shared with all pairs of local assemblages.
For the special case of q = 0, the measure ) (
The interpretation is similar to the measure ) ( 0 Q C N * except that it is normalized by the gamma FAD. Thus, our index can be regarded as an extension of the Jaccard index to functional similarity. So this measure ) ( 0 Q U N * is referred to as the N-assemblage "func-Jaccard" in Table 3 of the main text. For the special case of N = 2, we have 
Letting q in Eq. (C6) tend to 1, we obtain the same formula as the N-assemblage local distance-overlap measure ) (
is also called "func-Horn" measure in Table 3 of the main text.
The general formula for ) ( Table 3 of the main text is: 
The numerator is the same as that in Eq. (C5), but here it is from a regional perspective. So it is referred to as "func-regional-overlap" measure in Table 3 of the main text.
(2d) A general order of q ≥ 0
Here the sense of "effective" is similar to that for the abundance-based measure U qN [1] , but "N assemblages" should be replaced with "N 2 pairs of assemblages", and "species" should be replaced by the unit of "distance". The meaning of "effective" proportion for the measure ) (Q U qN * is slightly different from that for the measure )
, consider the following set of N idealized assemblages: in the pooled assemblage, the total species pairwise distance is ) (Q FD . However, for q = 1, this measure does not reduce to the "func-Horn" measure. From this view, the measure ) ( 0 Q C N is referred to as the "func-Sørensen (species-overlap)" measure in Table S3 .1. We add "species-overlap" in order to distinguish it from "func-Sørensen" (distance-overlap) based on the functional beta diversity in Table 3 of the main text.
(1b) q = 1
For q = 1, we have the following formula:
This measure is referred to as the "func-Horn" measure because ) (
is called "func-Horn" in Table 3 of the main text. This indicates that for q = 1, the local distance-and species-overlap measures are identical. , .
This measure is called as the "func-Morisita-Horn (species-overlap)" measure because when all species are equally distinct and the data (z ik ) represents species relative abundance within each assemblage, it reduces to the classic N-assemblage Morisita-Horn overlap measure [2, 3] . ; see Table S3 .1 at the end of this appendix. So the measure ) ( 0 Q U N is referred to as the N-assemblage "func-Jaccard (species-overlap)" measure in Table S3 .1. We add "species-overlap" in order to distinguish it from "func-Jaccard" (distance-overlap) measure based on the functional beta diversity in Table 3 of the main text. 
(2c) For q = 2, the general formula can be expressed as , but the denominator is from a regional view. So it is referred to as "func-regional-overlap (species-overlap)" in Table S3 .1. . However, for q = 1, this measure does not reduce to the "func-Horn" overlap measure. is the normalized functional speciesturnover rate per assemblage. When q = 0, the measure is identical to the "func-Sørensen (species-overlap)" measure. For q = 2, this measure is identical to ) ( 2 Q U N , the "func-regional-overlap (species-overlap)" measure. That is, we have )
However, for q = 1, this measure does not reduce to the "func-Horn" overlap measure. . This is also an interpretable measure. However, this excess measure cannot be directly applied to compare the functional similarity or differentiation among assemblages across multiple sets of assemblages because it depends not only on the number of assemblages, but also on the corresponding functional alpha (equivalently, gamma) diversity. Following Chao et al. [1] and Chiu et al. [2] , we can readily eliminate these dependences by using an appropriate normalization. For easy demonstration, we prove the theorem for differentiation measures instead of similarity measures.
(1) A class of functional distance-differentiation measures from a local perspective:
We first prove the following two inequalities:
and
Then we obtain the inequality (D1). For 1 0 < ≤ q , the inequality (D2) also follows directly from the same inequality. Dividing
(for q >1) and
their respective maximum possible value gives the measure ) 
. Thus, we obtain
) and
(for q >1) by their respective maximum possible value gives the measure, ) 
which shows the functional diversity excess depends on functional gamma diversity and N. The normalized measure turns out to be )
(4) A class of functional distance-turnover rate:
which shows the functional diversity excess depends on the functional alpha diversity and N. The dependence can be removed in this case by normalization and the resulting measure is )
Thus, the functional diversity excess leads to the same four classes of normalized similarity measures ( ) (Q C ) derived from the functional beta diversity. Although normalization is not a general cure for problems of dependence on alpha or gamma functional diversity, all the resulting normalized measures discussed above are in terms of functional beta diversity only. Thus, dependence on the alpha (or gamma) functional diversity can be removed in our cases as our functional beta diversity is independent of the functional alpha diversity and also independent of the functional gamma diversity, based on a similar argument in [1] . Consider two hypothetical completely distinct assemblages (i.e. no shared species) each with S equally common species. Assume that the functional distance is a constant d for distinct-species pairs and 0 for same-species pairs. We first apply Rao's quadratic entropy to this simple distance matrix. The quadratic entropy Q of each assemblage is d (1−1/S) . This would be the alpha quadratic entropy Q α of the assemblages. For any fixed d, the alpha value will be high (i.e., tends to the maximum possible value of d) if and only if species richness S is high. In the pooled assemblage, there are 2S equally common species with a constant functional distance d for distinct-species pairs and 0 for same-species pairs, so the gamma quadratic entropy of the pooled assemblage is
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The traditional differentiation measure based on the additive partitioning is
, a number that approaches zero (wrongly indicating that there is almost no differentiation) when alpha is high (equivalently, when S is high), even though the two assemblages are completely distinct. Chiu et al. [1] proved that when the alpha quadratic entropy is high, the additive differentiation measure based on the quadratic entropy always tends to zero for any assemblages, not only for simple completely distinct assemblages, but also for more complicated assemblages and real data; see Example 3 of the main text.
The resolution in Eq. 2d of the main text works because this simple distance matrix is ultrametric. The effective number of species for the alpha diversity is
and the effective number of species for the gamma diversity is
. Thus the multiplicative beta based on these effective measures is 2 and the two transformed differentiation measures in Eqs. 2e and 2f are both unity, which correctly indicates the differentiation attains the maximum. Our proposed normalized functional differentiation measures ) Table  3 of the main text) are always 1 for any q, any richness S, and any functional distance d. For this example, the correct answer is unequivocal: the two completely distinct assemblages in this simple case should attain the maximum differentiation of unity. This example shows that the traditional measures based on the additive partitioning of the quadratic entropy cannot work properly even for this simple example.
Two supplementary cases for Example 1 of the main text
In Example 1 of the main text, we specifically consider the special case that all species in the two assemblages are equally abundant for illustrative purposes. Here we append two more cases that species abundances are heterogeneous in both assemblages. 
A supplementary case for Example 2 of the main text
In Example 2 of the main text, we consider the special case that the two focal assemblages are completely distinct (no species shared, and thus no pairwise distances shared). Here we present similar results for a case that there are shared species between the two assemblages. 
Comparison of our framework with Leinster & Cobbold (2012) approach
Leinster & Cobbold [2] derived a parametric class of measures sensitive to species similarity based on a framework of Hill numbers. The similarity may be based on phylogeny, ecosystem function, or any other species character. We find that their measure (referred to as the LC measure hereafter) may not be sensitive to species abundances when species similarity matrix is computed from species traits in functional analysis. When species similarity matrix deviates greatly from a naïve identity matrix, their measure typically yields very low diversity values especially for assemblages with many species; this causes problems for the interpretation of "species equivalents" in their approach. Note that in the bottom right panel of Fig. 3 of [2] , as q varies between 0 and 5, their measure for a non-naive similarity matrix decreases from 1.27 to 1.25 for Case "TS1" with ~250 species and decreases from 1.25 to 1.22 for Case "TS3" with ~ 200 species, as shown in the bottom left panel of their Fig. 3 . This reveals that the LC measure hardly varies with the order q for the two cases considered in their Fig. 3 . We thus computed several other real examples to see whether the LC measure generally exhibits a similar pattern. We describe two typical examples to show our findings.
We applied the LC measure to the artificial data (Example 2 of the main text) and the real data (Example 3 of the main text), so that readers can make comparisons. In Example 2, there are 20 equally abundant species in each of the two focal assemblages, and 12 species are shared. Two simulated distance matrices with all distances between 0 and 1 (Matrix I and Matrix II, displayed in Appendix S6) are considered; see the main text. In Example 3, the full data contain a total of 43 vascular plant species collected three fore-dune habitats: embryo dunes (EM; 17 species), mobile dunes (MO; 39 species) and transition dunes (TR; 42 species). The species relative abundances are provided in Table S5 .1 of this appendix). The distance matrix for 43 species is displayed in Appendix S6. All species distances (between 0 and 1) are obtained from the Gower mixed-variables coefficient of distance. Since the LC measure is based on species similarity matrix, we considered two types of similarity metrics computed from the distance matrices: (i) the one-complement of each distance; (ii) the transformation exp(-d) of each distance d. The plot of the LC measure with respect to the order q for the two types of similarity metrics is given in the following figure for the two examples. The above plots reveal that the LC measure takes values in a very narrow range and this range hardly changes for the two different types of similarity matrices. Since the order q controls the measure's sensitivity to species relative abundances and a larger value of q place progressively more weight on common species, these plots in Figure S5 .1 demonstrate that the LC measure may not be sensitive to the species abundances. We have found similar patterns for many other data sets. A related question is thus how to interpret the magnitude and "effective numbers" of the LC measure.
Recently, Reeve et al. [3] proposed formulas for the alpha, beta and gamma diversities based on the LC measure and on the decomposition framework of ordinary Hill numbers. Here we consider the simplest equal weight case and apply Reeve et al. formulas to a simple similarity matrix. Consider two communities each with four species (1, 2, 3, 4) . For this case, the gamma LC measure is less than the alpha LC measure not only for the four specific values of q in the above table but also for all values of q ≥ 0. This situation violates the necessary condition that alpha must always be less than or equal to gamma.
Leinster & Cobbold ( [2] , p. 478) indicated that their metric has close connections with the phylogenetic indices of Faith [4] and Chao et al. [5] . This may be a misleading statement. In their Appendix, Leinster & Cobbold demonstrated that their formula could include Faith's PD and Chao et al. [5] phylogenetic Hill number only for a particular constructed similarity matrix (possibly non-symmetric) and a special set of species abundances. Note that their particular similarity matrix for species depends on species relative abundance. Thus, when two communities have the same set of species with different sets of species abundances, the corresponding particular similarity matrices are then different. Even within a single community, if two samples result in different species abundances, then LC's particular similarity matrices are different. Thus, the "connection" between their metric and Chao et al. measure is only based on an uninterpretable similarity matrix. A useful "connection" between two measures should be based on any given matrix in a broad class, not just for a single particular constructed matrix.
For any given ultrametric tree, we can divide each species pairwise phylogenetic distance by the tree depth so that all distances are scaled to be in the range [0, 1] . When the similarity between any two species is defined as the one-complement of the scaled distance, the LC measure for q = 2 reduces to the Chao et al.'s phylogenetic Hill number of the same order. This is the only general connection that we have found between the LC measure and Chao et al. [5] phylogenetic Hill numbers if the similarity matrix is not a naive identity matrix.
Comparison of our framework with Scheiner (2012) approach
Scheiner [6] proposed a metric that integrates abundance, phylogeny and function based on a framework of Hill numbers. Our framework (Chao et al. [5] for phylogenetic diversity, and this paper for functional diversity) is also based on Hill numbers. However, the two approaches are completely different. In this section, we describe our fundamental concept and discuss the differences between our framework and Scheiner's approach.
The basic difference
The major difference lies in the interpretation of Hill numbers. In Scheiner's approach, the ordinary Hill numbers are interpreted as the variability in relative abundances among species. Based on this approach, Scheiner's phylogenetic diversity quantifies the variability of proportional phylogenetic divergences of species, and his functional diversity quantifies the variability of proportional functional distinctiveness.
Our interpretation of Hill numbers is different. The fundamental concept in our approach is based on the fact that there is a unique idealized assemblage with equally abundant species so that the actual assemblage and this idealized assemblage have the same diversity of order q. Thus, our extension to phylogenetic diversity and functional diversity leads to completely different measures as briefly described as follows. , is the effective number of equally abundant and equally phylogenetically distinct species with a constant branch length T from the root node. Here T denotes the abundance-weighted mean distance from a tip node to the root node; see Fig. 1 of Chao et al. [5] for the definition of T . For an ultrametric tree with tree length T, then T reduces to the tree length T, and the measure is simply denoted by ) (T D q . Generally, if ) (T D q = z, then the phylogenetic Hill number of the assemblage is the same as the diversity of an idealized assemblage consisting of z equally abundant and (phylogenetically) equally distinct lineages all with branch length T from the root node. The basic concept is that there exists a unique idealized assemblage with equally abundant and equally distinct species so that the actual assemblage and this idealized assemblage have the same diversity of order q.
The phylogenetic Hill number (in units of "species equivalent") does not incorporate information about the actual length of the phylogenetic tree because it is independent of the scale of lineage lengths. To incorporate the units of lineage length, we also proposed the phylogenetic diversity
. Thus, we not only have a measure in units of "species equivalents" but also a measure in units of "lineage length". This is more useful biologically since it expresses the amount of evolutionary history in the tree (with branches weighted by the size of their contribution to the present-day assemblage), and is also fruitful mathematically because we then can link our measures to Faith PD (for q = 0), phylogenetic entropy [7] (for q = 1), and Rao's quadratic entropy (for q = 2). Scheiner's measure cannot be linked to the phylogenetic entropy, nor to Rao's quadratic entropy.
(ii) Functional diversity measures Our functional Hill number denoted by ) (Q D q (see Table 1 of the main text) is interpreted as "the effective number of equally abundant and (functionally) equally distinct species". Thus if ) (Q D q = v, then the functional Hill number of order q of the actual assemblage is the same as that of an idealized assemblage having v equally abundant and equally distinct species with a constant distance Q for all species pairs. Our concept for functional diversity is based on the fact that there exists a unique idealized assemblage with equally abundant and equally distinct species so that the actual assemblage and this idealized assemblage have the same diversity of order q.
As with our phylogenetic Hill numbers, the functional Hill numbers ) (Q D q (in units of "species equivalent") are scale-free, so they need to be converted to our functional diversity q FD(Q) (the effective total functional distance between species), defined as
. Thus, we can link our measures to FAD (for q = 0), and to the weighted Gini-Simpson index (for q = 2) defined by Guiasu & Guiasu [8, 9] ; see the main text for details. To our knowledge, Scheiner's metric cannot be linked to these two previous measures.
Different meanings of "species equivalents"
Scheiner's integrated metric and our phylogenetic (and functional) Hill number are both in units of "effective number of species" or "species equivalents", and the "species equivalent" in both approaches is interpreted as the equally abundant and equally distinct species. However, the definition of "equally distinct" diverges between Scheiner's approach and ours. We use a simple example to illustrate the two different meanings.
(i) Phylogenetic diversity measures
Consider the following three assemblages with ultrametric cladograms. Each assemblage includes four species and the tree depth is T = 8 units. The number along each branch segment denotes the length of that branch. For each assemblage, we assume that all four species are equally abundant.
-34 - All the above three cladograms have the same proportional divergences as defined by Scheiner. For any q ≥ 0, his phylogenetic diversity which quantifies the variability of proportional phylogenetic divergences of species thus yields four equally distinct species for all three assemblages. When his measure takes a maximum value of four, the assemblage may correspond to the four equally abundant species in cladograms (a), (b), (c) or any other symmetric or balanced cladograms. This explains why Scheiner ([6] , p. 1195) indicated that his metric is a measure of tree "symmetry" or "balance". His measure cannot distinguish the difference among the three assemblages, and thus "species equivalents" does not have a unique reference assemblage.
Our phylogenetic measures ) (T D q and ) (T PD q both satisfy the "weak monotonicity" property [5] . This property requires that if a newly added rarest species is maximally distinct from all other species in the assemblage, then a phylogenetic measure should not decrease. However, Scheiner's phylogenetic diversity measure does not satisfy this property. Note that for q > 0, if such a species is added to the assemblage (a) or (c) in the above figure, that tree becomes non-symmetric, implying a possible decline in a measure of symmetry.
Note that in Scheiner's measure, "equally distinct" means species are equally divergent from the age of the root node. Our definition of "equally distinct" implies that any two species must have a constant phylogenetic distance of T (or T in an ultrametric tree), or equivalently, all branch lengths must be equal to T (or T) as cladogram (b) given above. For cladogram (a), the distance between Species 1 and Species 2 is 5 units whereas the distance between Species 1 and Species 3 is 8 units, so the species in cladogram (a) are not "equally distinct" in our perspective. Similarly, the four species in cladogram (c) are not "equally distinct" with branch lengths of 8 units either. Only cladogram (b) is the unique idealized assemblages with all species being "equally distinct" with all branch lengths of 8 units. Thus, for the "effective number of species" in our phylogenetic diversity measure, there exists a unique reference assemblage so that the actual assemblage and this idealized assemblage have the same diversity of order q. (ii) Functional diversity measures
We use a simple example to compare the difference between our functional diversity measures and Scheiner's approach. Consider the following example: In Assemblage A, all species are equally distinct with species pairwise distance d ij = 0.1 units; In Assemblage B, all species are equally distinct with d ij = 0.9 units. Scheiner's functional diversity quantifying the variability of functional distinctiveness will give the same functional diversity for these two assemblages. Yet, from our approach, there are S species with a constant distance of 0.1 for all species pairs in Assemblage A, and our functional diversity (i.e., effective total distance) between species is S 2 x 0.1. For Assemblage B, there are S species with a constant distance of 0.9 for all species pairs, and the functional diversity is S 2 x 0.9. The effective numbers of species are the same for the two assemblages, but the total distance between species for the two assemblages are different. Thus, Scheiner's measure loses the information about the magnitude of species pairwise distances, which we think is important to characterize distance-based traits diversity. 
